T. Keleti [1] asked, whether the ratio of the perimeter and the area of a finite union of unit squares is always at most 4. In this paper we present an example where the ratio is greater than 4.
P. Humke, C. Marcott, B. Mellem and C. Stiegler investigated the differentiation properties of the perimeter and area functions related to Keleti's question [4] .
In this paper we give a negative answer to this question for n = 3 and n = 4, give some examples with large perimeter-to-area ratio for n = 4 and finally we list a number of open problems. The idea of the counterexamples is motivated by the results of a probabilistic computer algorithm. In our experiments, we used the open source JTS Topology Suite library.
Results
First we need some technical definitions.
Definition 2.1. Let n be a natural number. We call a basic (k, n)-setup k many regular n-gons with origin centre and side length 1 with vertices rotated to form a regular kn-gon. Definition 2.2. Suppose that we have a finite union of regular polygons and v ∈ R 2 . We call the translation by v of one of the polygons P small enough, if for every t ∈ [0, 1] the translation of P by tv does not change the pattern of the intersections on the boundary. The translation is called regular, if v is parallel to the vector from the centre of P to one of the vertices of P .
We will denote the area of a polygon P by a(P ), and the perimeter by p(P ).
A counterexample of 5 squares
Theorem 2.3. There exists a polygon that is the union of 5 squares with side length 1 for which the perimeter-to-area ratio is greater then 4.
First we reiterate the proof of Gyenes for a basic (k, n)-setup.
Lemma 2.4. The perimeter-to-area ratio of the union of the n-gons in a basic (k, n)-setup is equal to the perimeter-to-area ratio of a single n-gon.
Proof. The union is a polygon, let us denoted the vertices by A 0 A 1 . . . A l and the distance of the line segment AB from the origin by d AB . Now clearly
are segments which are subsets of the boundaries of congruent regular n-gons with origin centre, we have that
which is the same as in the case of a single n-gon.
Now we begin with a basic (5, 4)-setup and start to move the polygons away from the origin. Each polygon will be moved by a regular small enough translation in such a way that the centres will form a regular pentagon around the origin, as shown in the figure. We will prove that the perimeter will remain the same, while the area will be less then the original.
Lemma 2.5. The perimeter will remain the same after shifting the squares.
Proof. First, shift one square only. The square has eight segments which are parts of the boundary. The length of the two segments at the vertex the square is shifted to, increase with the same amount as the length of the segments at the opposite vertex decrease with.
At the other two vertex, the sum of the length of the segments will be constant, since one will increase with the same amount as the other decreases.
We can shift the squares one by one, and the same can be said about every square, so the perimeter remains the same.
Lemma 2.6. The area of the union decreases as we shift the squares. Proof. Let ε be the size of the shift and let x be the common length of the segments on the boundary of the original construction, with centres at the origin. Let T be area of the hexagon ABCDEF , where EF = F A = x, AB = DE = ε/ √ 2, the angles at A, B, D and E are right angles, and the angle at C is 108
• . Let t be the area of the same hexagon, only this time the length of the sides BC and CD will equal x. It is easy to see, that t < T .
Because of the symmetry of the construction, the area added to the union is exactly ten times the area of the polygon
The area subtracted from the union is ten times the area of the hexagon
So the area subtracted is bigger than the area added, which finishes the proof. 
The squares shifted from the basic (5, 4) setup
A counterexample of 4 regular triangles
Theorem 2.7. There exists a polygon that is the union of 4 regular triangles with side length 1 for which the perimeter-to-area ratio is greater then 4 √ 3 (which is the perimeter-to-area ratio of a single triangle).
Proof. The idea is the similar as before, we start with a basic (4, 3)-setup. In this case the calculation is particularly convenient if we translate solely two of the triangles, since the translation will not change the perimeter of the union, however the area will decrease. For the sake of exactitude we prove the theorem through 3 easy lemmas.
Lemma 2.8. Suppose that we have 4 triangles obtained by small enough translations of the basic setup. Then if we apply a small enough regular translation to one of the triangles then it does not change the perimeter of the union.
Proof. W.l.o.g. we can assume that we translate a triangle to the positive direction of the y axis, as in Figure 2 . 
and by symmetry |B 1 I 2 | = |B 0 I 0 | = d and we have |I
Adding up this equalities gives the lemma.
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Figure 3: Calculation of the area Lemma 2.10. Suppose that we translate away two different neighbouring triangles from the basic setup by small enough regular non-identical translations. Then the area of the union of the triangles decreases.
Proof. By the previous lemma we have that the translation of one triangle does not change the area, so to obtain the difference of the area, it is enough to consider the modifications what the translation of the first triangle gives (the blue and pink rectangles on the figure). In our case it will decrease the area. To be precise, let the translated triangles be A 0 A 1 A 2 and B 0 B 1 B 2 and the translations are (δ, 0) and (ε, 0) ( Figure 3 ). Then suppose that we have trans-
increases the area of the union by
3 ) (the quadrilaterals added coloured by red, the subtracted ones coloured by green and blue on Figure 3 ).
Thus we have
a(B ′ 0 B 0 K 0 K ′ 0 ) + a(I ′ 2 I 2 L 1 B ′ 1 ) + a(B ′ 2 L 2 K 3 K ′ 3 ) + a(B ′ 0 B 0 I 1 I ′ 1 ) −a(B 1 L 1 K 2 K ′ 2 ) − a(J 3 L 2 B 2 J ′ 3 ) < a(B ′ 0 B 0 I 0 I ′ 0 ) + a(I ′ 2 I 2 L 1 B ′ 1 ) + a(B ′ 2 L 2 I 3 I ′ 3 ) + A(B ′ 0 B 0 I 1 I ′ 1 ) −a(B 1 L 1 J 2 J ′ 2 ) − a(J 3 L 2 B 2 J ′ 3 ) = 0.
Open problems
We believe that the constructions containing five squares and four equilateral triangles can be generalised to give a counterexample of n + 1 regular polygons with n vertices and unit side length. Let us call a k many regular n-gon with unit side length be given with centres at the vertices C 1 , C 2 , . . . , C k of a small regular k-gon around the origin. The vertex of the i-th polygon farthest from the origin should be on the line given by the origin and C i . We call this a shifted (k, n)-setup.
Conjecture 4.1. This construction works, i.e. the perimeter-to-area ratio of a shifted (n + 1, n)-setup is greater than the ratio in the case of a single regular n-gon with unit side length.
A general question consistent with the results obtained by computer is the following: Question 4.2. Is it true that a shifted (k, n)-setup yields a counterexample iff k > 1 and k ≡ 1 (mod n)? Since Keleti's boundedness result works in R l as well it is also natural to ask the following: Question 4.3. Do the analogous constructions work in higher dimensions for regular polyhedrons?
We have found a counterexample using four squares, but could not find any using only three. Since we have found the first counterexamples with a probabilistic computer algorithm, it would be interesting to know that whether the 'majority' of the setups close to the basic setup is a counterexample in some sense. For k-many regular n-gons let us denote the centres by C 1 , C 2 , . . . , C k and the rotations of the polygons by r 1 , . . . , r k respectively. Let f k,n (C 1 , . . . , C k , r 1 , . . . , r k ) be the perimeter-to-area ratio of such a setup and p 0 = (C We also could not go close to the current best upper bound of about 5.6 proved for the ratio by Gyenes. The best ratio we could find with the help of a computer has ratio about 4.34 and contains 100 squares. Question 4.6. What is the optimal upper bound for the ratio?
